Abstract. In this paper, we study the quaternionic counterpart of complex Fock spaces F p α (0 < p < ∞ and for some parameter α) of entire slice hyperholomorphic functions in an Euclidean unit ball B n in H n . We also study some basic properties of these spaces.
Introduction
Consider the 4-dimensional real algebra H = {x 0 + x 1 i + x 2 j + x 3 k : x l ∈ R for 0 ≤ l ≤ 3} of quaternions. Then {1, i, j, k} form the standard basis of quaternions with imaginary units, where Re(q) = x 0 , Im(q) = x 1 i+x 2 j +x 3 k denote the real part and imaginary part of q respectively. The conjugate of q is given byq = Re(q) − Im(q) = x 0 − (x 1 i + x 2 j + x 3 k). By |q| = √= 3 l=0 x 2 l , for x l ∈ R, we mean the Euclidean norm on H. For any non-zero quarternion q, its multiplicative inverse is given byq |q| 2 . The set S = {q ∈ H : q = x 1 i + x 2 j + x 3 k and x 1 2 + x 2 2 + x 3 2 = 1} denotes the two-dimensional unit sphere of purely imaginary quaternions. Any element I ∈ S is such that I 2 = −1. This implies that the elements of S are imaginary units. The quaternion is considered as the union of complex plane C I = R + RI (also called slices), each one is identified by an imaginary unit I ∈ S. Let Ω I = Ω ∩ C I , for some domain Ω of H. For any quaternion q we can write q = x 0 + x 1 i + x 2 j + x 3 k = x 0 + Im(q) = x 0 + |Im(q)|I q = x + yI q , with I q = Im(q) |Im(q)| if |Im(q)| = 0, otherwise we take arbitrary I in S.
For some more details on slice holomorphic functions one can refer to [18, 19] and references therein. In recent times the notion of slice holomorphic functions has been studied intensively. The Hardy spaces, Bloch spaces, Dirichlet spaces, etc. are studied in the slice hyperholomorphic settings. For Fock spaces in the slice hyperholomorphic settings, see [10] .
For details about recent work on slice hyperholomorphic and their applications to Operator Theory, Schur Analysis, Quantum Physics, etc one can refer to an excellent Date: October 22, 2018. recent survey [3, 7, 18, 19, 25] and references therein. For study of Fock spaces of holomorphic functions, we can refer to [32] .
The work of this paper is motivated by [10, 29] and recent work of Ueki [27, 28] . Here, we begin with some basic results in the quaternionic-valued slice regular functions. Definition 1.1. Let Ω be a domain in H. A real differentiable function f : Ω → H is said to be the (left) slice regular or slice hyperholomorphic if for any I ∈ S, f I is holomorphic in Ω I , i.e.,
where f I denote the restriction of f to Ω I . The class of slice regular functions on Ω is denoted by SR(Ω).
For slice regular functions, we have the following useful result. 
q n a n , where a n = 1 n!
∂x n converging uniformly on B. 
One of the most important property of the slice regular functions is their Representation Formula. It only holds on the open sets which are stated below.
Definition 1.3.
Let Ω be an open set in H. We say Ω is axially symmetric if for any q = x + yI q ∈ Ω, all the elements x + yI are contained in Ω, for all I ∈ S and Ω is said to be slice domain if Ω ∩ R is non empty and Ω ∩ C I is a domain in C I for all I ∈ S.
Theorem 1.4. [18, Theorem 4.3.2 ] (Representation Formula) Let f be a slice regular function in the domain Ω ⊂ H. Then for any J ∈ S and for all z = x + yI ∈ Ω such that
Remark 1.5. Let I, J be orthogonal imaginary units in S and Ω be an axially symmetric slice domain. Then the Splitting Lemma and the Representation formula generate a class of operators on the slice regular functions as follows:
where hol(Ω I ) is the space of all holomorphic functions on Ω I for some I ∈ S. Also,
where I is an identity operator.
Since pointwise product of functions does not preserve slice regularity, a new multiplication operation for regular functions is defined. In the special case of power series, the regular product (or ⋆−product) of f (q) = ∞ n=0 q n a n and g(q) =
The ⋆−product is related to the standard pointwise product by the following formula.
q n a n with respect to the ⋆−product is
where f c (q) = ∞ n=0 q n a n is the regular conjugate of f. The function f −⋆ is regular on B \ (q ∈ B|f ⋆ f c (q) = 0) and f ⋆ f −⋆ = 1 there.
Fock space
Let C n be n-dimensional Euclidean space and dA be the normalized area measure on C n . For α > 0 and 0 < p < ∞, a holomorphic function f : C n → C is said to be in Fock space
..., z n ) and w = (w 1 , w 2 , ...., w n ) in C n , we write z, w α for the Euclidean inner product
|q k | 2 < 1} be the quaternionic unit ball centered at origin in H n and B n ∩ C n I = B n I denote n-dimensional unit disk in the complex plane C n I for I ∈ S. Now we begin with the following definitions. Definition 2.1. For 0 < p < ∞, α > 0 and some I ∈ S, the quaternionic right linear space of entire slice regular functions f is said to be the quaternionic slice regular Fock space on the unit ball B n , if for any
that is,
where dA I (q) = 1 π dxdy and is Möbius invariant measure on B n . If we write
α is a Hilbert space (complete inner product space) with inner product ., . α defined as
with the norm given by
, we denote the quaternionic right linear space of entire slice regular functions on B n such that
Furthermore, for each function f ∈ F p α,I , we define
The condition f ∈ F p α,I is equivalent to f 1 and f 2 belonging to n-dimensional complex Fock space.
We can easily prove the following result. ) and (F p α , . F p α ) have equivalent norms. More precisely, one has
. Proposition 2.4. Let I, J ∈ S and let p > 1,
Proof.
Since f ∈ SR(B n , H n ) and w = x + yJ ∈ B n J and z = x + yI ∈ B n I , with |w| = |z|. By Representation Formula, we have
This implies that
Thus, for any f ∈ F p α,I , we see f ∈ F p α,J . By interchanging the roles of I and J, we obtain other result. 
To prove this, it is sufficient to show (b) ⇒ (a). Suppose f ∈ F p α,I . Let q = x + yI q and z = x + yI. Applying Representation Formula followed by triangle inequality and the fact that |q| = |z| = |z|, we see that
This implies that 
In complex analysis, the reproducing kernel of complex Fock space for p = 2 is given by
This gives the motivation for the following definition.
Definition 2.7. For any q ∈ B n , the slice regular exponential function is given by 
where
is the slice regular normalized reproducing kernel with P I = z z .
Proof.
Let J ∈ S be such that J⊥I. Let f ∈ F 
So, we can write
w z k (z)a 2,k J.
) an identity operator, we have
Conversely, suppose the condition (3) holds. We claim f ∈ F p α . Then for any J ∈ S, we have a k = a 1,k + a 2,k J, where {a l,k } k≥1 ∈ l p (C n I ), l = 1, 2. So, we can write
). This implies that f 1 , f 2 lie in the complex Fock space F Proof. Suppose sequence f n is weakly convergent in F p α and so in F p α,I . Let J ∈ S be such that J⊥I and let f n,1 , f n,2 be holomorphic functions such that Q I [f n ] = f n,1 + f n,2 J. By Remark 2.2, f n,1 , f n,2 lie in the complex Fock space. Then, from corresponding result in the complex case, we see that the sequences {f n,1 } and {f n,2 } converges weakly to functions f 1 and f 2 as n → ∞, respectively if and only if there exists some positive constant M such that f n,l F 
uniformly on the compacts subsets of B n I . Now, we have the following definitions.
Definition 2.11. By space F ∞,α , we mean the space of all slice regular Fock functions f such that sup
The space F ∞,α is a Banach space under the norm defined as
Definition 2.12. We define the space F ∞,α,I as the quaternionic right linear space of all slice regular functions f defined on B n I such that Remark 2.14. Let I, J ∈ S be such that I⊥J and let f ∈ SR(B n , H n ). Furthermore,
for all z ∈ B n I .
By Representation Formula, it follows that f ∈ F By Representation Formula, we have the following result. Proof.
Let J ∈ S with I⊥J. Then by Splitting Lemma, we can find two holomorphic functions
Hence the result.
Proposition 2.17. For 0 < r < 1, the space F ∞,α is the closure with respect to norm . F∞,α of the set of quaternionic polynomials of the form
In particular, F ∞,α is separable.
Proof. Let f ∈ F ∞,α . Then by orthogonality of imaginary units I, J one can write 
such that
Therefore, by Remark 2.15, it follows that
Hence the space F ∞,α is separable. 
Let I, J ∈ S be such that I⊥J. Then for any a m ∈ H n , there exist a m,1
and a m,2 in C n I such that a m = a m,1 + a m,2 J. Now, f ∈ F ∞,α implies f ∈ F ∞,α,I . So we can choose holomorphic functions f 1 , f 2 in the complex space F ∞,α,CI such that
Thus, by Remark 2.15 and for n = 1, 2, we have
Thus because of [28, Theorem 2] , the condition (4) holds if and only if
Here, we investigate the t th -derivative criterion for the space f ∈ F 0 ∞,α on a unit ball B in H. 
Let f ∈ F ∞,α . Then f ∈ F ∞,α,I . Let I, J ∈ with I⊥J. So, we can find holomorphic functions f 1 , f 2 : B ∩ C I → C I such that f I = f 1 + f 2 J. Now for any z ∈ B I , we have 2 ∈ L ∞ (C I ), l = 1, 2. Thus, we say that the above condition holds if and only if f 1 , f 2 belong to complex space F ∞,α,CI which is equivalent to f ∈ F ∞,α,I and so f ∈ F ∞,α .
